Abstract. Let G be a finite permutation group on a finite set . We say that G is quasitransitive if every 2-point stabiliser has the same order. This notion was introduced by Alan Camina. In particular, Camina established conditions for a quasi-transitive group to be transitive. The aim of this note is to validate Camina's conjecture: A quasi-transitive group G on a finite set is transitive on .
Let G be a finite 2-transitive group acting on a finite set . A simple observation reveals that every 2-point stabiliser G˛ˇhas the same order. However, the converse statement is not true. Consider the action of S 7 on the set of 2-element subsets of ¹1; : : : ; 7º. Here every 2-point stabiliser has order 24, but it is clear that the action is transitive but not 2-transitive. Thus the notion of an action with the property that all 2-point stabilisers have the same order defines a larger class of groups than the set of 2-transitive groups. With this in mind, Camina [2] made the following definition.
Definition. A finite permutation group G on a finite set is called quasi-transitive if there is a natural number t > 1 such that jG˛ˇj D t for all distinct˛;ˇ2 .
Note that the case where every 2-point stabiliser is trivial is excluded. Indeed, jG˛ˇj D 1 for all distinct˛;ˇ2 if and only if G acts Frobeniusly on one orbit and regularly on the remaining orbits, and so the action does not need to be transitive. However, no intransitive examples were known with jG˛ˇj > 1. This led Camina to propose the following conjecture [2, p. 2].
Conjecture. Let G be a finite permutation group acting quasi-transitively on a finite set . Then G is transitive.
In this note we prove Camina's conjecture. Moreover, we show that every quasitransitive group is
The proof of the conjecture relies on the recent and impressive classification of the almost simple primitive 3 2 -transitive groups by Bamberg, Giudici, Liebeck, Praeger and Saxl [1] , which in turns relies on the classification of the finite simple groups. The main theorem is the following:
Theorem. Let G be a finite permutation group acting quasi-transitively on a finite set . Then G acts 3 2 -transitively on . In particular, G is transitive. Proof. Assume that G acts quasi-transitively on but not transitively. Let 1 and 2 denote two of the orbits of G, and set t WD jG˛ˇj for˛¤ˇ2 . The subdegrees of G on an orbit are given by d D jG˛j=t for some˛2 . Thus G acts (ii) n D 21 and G is A 7 or S 7 acting on the set of 2-elements subsets of ¹1; : : : ; 7º; each nontrivial subdegree is 10.
(iii) n D 1 2 q.q 1/, where q D 2 f 8, and either G D PSL 2 .q/ or G D PL 2 .q/ with f a prime; each nontrivial subdegree is q C 1 or f .q C 1/, respectively. First note that if G acts on an orbit as in case (iii), then t D 2 and each 2-point stabiliser is abelian. Thus, G is transitive by [2, Theorem] . Now observe that
for some b i and c i by [2, Lemma 1] . Together these equations show that d 1 and
If j 1 j D j 2 j, then as d 1 and d 2 are coprime, it follows that
In this case G˛1 must have order t and so fixes every point of , a contradiction.
A 2-transitive action on 1 means that c 1 D 1. Therefore
, again a contradiction. In particular, G can act 2-transitively on at most one orbit.
Similarly as the groups in (ii) correspond to a unique action, G can only act on one orbit as in (ii). Thus G D A 7 or S 7 and without loss of generality assume that G acts on 1 as in (ii) and acts 2-transitively on 2 , so d 2 j 2 j D d 1 j 1 j D 210 as d i j i j is constant by the Orbit-Stabiliser theorem. As G is 2-transitive on 2 , it follows that j 2 j.j 2 j 1/ D 210 and thus j 2 j D 15 and d 2 D 14. However now d 1 D 10 is not coprime to d 2 , a contradiction.
Thus G has a unique orbit, on which G must act 3 2 -transitively.
